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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Notations :

• For an operator A on a Hilbert space H, we denote by

σ(A) ⊂ C its spectrum.

• B(X ,Y ) is the space of all continuous linear operators

T : X → Y .

• An operator T ∈ B(`p, `q) will be identi�ed with its in�nite

matrix (tij)i ,j≥1.

• We denote by Sp(H,K ) the Schatten class of order p and by

Sp
n their �nite dimensional versions.
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Motivations

• Let A = diag(λ1, λ2, . . . , λn) be a diagonal operator with λi ∈ R
and let B be a selfadjoint operator on Cn. For any f ∈ C 1(R),

d

dt
(f (A + tB))

∣∣
t=0

= D ∗ B,

where D ∗ B is the Schur (or Hadamard) product of D and B , and
D is the divided di�erence matrix

Dij :=

{
f (λi )−f (λj )
λi−λj , if λi 6= λj

f ′(λi ) if λi = λj
.
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Motivations

• Let f : x 7→ x2, A,B selfadjoint operators on a Hilbert space H
with B ∈ S2.

Then

f (A+B)−f (A) = AB+BA+B2 and
d

dt
(f (A+tB))

∣∣
t=0

= AB+BA,

so that

f (A + B)− f (A)− d

dt
(f (A + tB))

∣∣
t=0

= B2 ∈ S1;

4 / 28



Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Motivations

• Let f : x 7→ x2, A,B selfadjoint operators on a Hilbert space H
with B ∈ S2.

Then

f (A+B)−f (A) = AB+BA+B2 and
d

dt
(f (A+tB))

∣∣
t=0

= AB+BA,

so that

f (A + B)− f (A)− d

dt
(f (A + tB))

∣∣
t=0

= B2 ∈ S1;

4 / 28



Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Motivations

• Let f : x 7→ x2, A,B selfadjoint operators on a Hilbert space H
with B ∈ S2.

Then

f (A+B)−f (A) = AB+BA+B2 and
d

dt
(f (A+tB))

∣∣
t=0

= AB+BA,

so that

f (A + B)− f (A)− d

dt
(f (A + tB))

∣∣
t=0

= B2 ∈ S1;

4 / 28



Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

Definition

Let M = (mij)1≤i ,j be a family of complex numbers.

M is said to be a Schur multiplier on B(`p, `q) (resp. on Sp) if for

any matrix [aij ] ∈ B(`p, `q) (resp. in Sp),

M ∗ A = [mijaij ]

belongs to B(`p, `q) (resp. to Sp).

• There is a well-known characterization of Schur multipliers on

B(`2) by Grothendieck.

• In 1977, Bennett gave a necessary and su�cient condition for

a family M to be a Schur multiplier on B(`p, `q).

• In 1985, V. Peller described more generally the Schur

multipliers in the continuous case : the Schur multipliers on

B(L2).
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

Let (Ω1, µ1) and (Ω2, µ2) be two σ−�nite measure spaces and let

φ ∈ L∞(Ω1 × Ω2).

For f ∈ Lp
′
(Ω1) and g ∈ Lq(Ω2), we denote by f ⊗ g the mapping

f ⊗ g : Lp(Ω1) −→ Lq(Ω2)
h 7−→ 〈h, f 〉 g .

(1)

Let

Tφ : Lp
′
(Ω1)⊗ Lq(Ω2)→ B(Lp(Ω1), Lq(Ω2))

be de�ned for any elementary tensor f ⊗ g ∈ Lp
′
(Ω1)⊗ Lq(Ω2) by

[Tφ(f ⊗ g)](h) =

(∫
Ω1

φ(s, ·)f (s)h(s)dµ1(s)

)
g(·) ∈ Lq(Ω2),

for all h ∈ Lp(Ω1).
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

Definition

We say that φ is a Schur multiplier on B(Lp(Ω1), Lq(Ω2)) if there

exists C ≥ 0 such that for any u ∈ Lp
′
(Ω1)⊗ Lq(Ω2),

‖Tφ(u)‖B(Lp(Ω1),Lq(Ω2)) ≤ C‖u‖∨.

By the de�nition, ‖Tφ‖ is the norm of the Schur multiplier φ.

Assume that 1 < p, q < +∞. If φ is a Schur multiplier, then the

mapping

Tφ : Lp
′
(Ω1)

∨
⊗ Lq(Ω2)→ B(Lp(Ω1), Lq(Ω2))

extends to w∗-continuous mapping, still denoted by

Tφ : B(Lp(Ω1), Lq(Ω2))→ B(Lp(Ω1), Lq(Ω2))
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

Let φ ∈ L∞(Ω1 × Ω2). Denote by uφ the mapping

uφ : L1(Ω1) −→ L∞(Ω2).

f 7−→
∫

Ω1

φ(s, ·)f (s) dµ1(s)

Theorem (C.)

Let 1 ≤ q ≤ p ≤ +∞. Then φ is Schur multiplier on

B(Lp(Ω1), Lq(Ω2)) if and only if there exist a measure space (Ω, µ)
(a probability space when p 6= q) and operators

R ∈ B(L1(Ω1), Lp(Ω)), S ∈ B(Lq(Ω), L∞(Ω2))

such that

uφ = S ◦ I ◦ R,

where I : Lp(Ω)→ Lq(Ω) is the inclusion mapping.
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

This property means that uφ has the following factorization :

L1(Ω1)
uφ //

R
��

L∞(Ω2)
OO

S

Lp(Ω) �
�

I
// Lq(Ω)

 Notion of (p, q)-factorable operators Lp,q(L1(Ω1), L∞(Ω2)).
This is a dual space :

Lp,q(L1(Ω1), L∞(Ω2)) = (L1(Ω1)
γp,q
⊗ L1(Ω2))∗.

9 / 28



Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

This property means that uφ has the following factorization :

L1(Ω1)
uφ //

R
��

L∞(Ω2)
OO

S

Lp(Ω) �
�

I
// Lq(Ω)

 Notion of (p, q)-factorable operators Lp,q(L1(Ω1), L∞(Ω2)).
This is a dual space :

Lp,q(L1(Ω1), L∞(Ω2)) = (L1(Ω1)
γp,q
⊗ L1(Ω2))∗.

9 / 28



Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

Corollary

Let M = (mij)i ,j∈N ⊂ C, C ≥ 0 be a constant and let

1 ≤ q ≤ p ≤ +∞. The following are equivalent :

(i) M is a Schur multiplier on B(`p, `q) with norm less than C .

(ii) There exist a measure space (a probability space when p 6= q)
(Ω, µ) and two bounded sequences (xj)j in Lp(µ) and (yi )i in
Lq
′
(µ) such that

∀i , j ∈ N,mij = 〈xj , yi 〉 and sup
i
‖yi‖q′ sup

j
‖xj‖p ≤ C .
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Linear Schur multipliers

An application : Inclusion relationships among spaces of Schur

multipliers.

LetM(p, q) be the space of Schur multipliers on B(`p, `q).

Theorem (C.)

(i) If 1 ≤ r ≤ q < p ≤ 2 (resp. 2 ≤ p < q ≤ r), then

M(q, r) *M(p, p) (respM(r , q) *M(p, p)).

(ii) We haveM(q, q) ⊂M(p, p) if and only if 1 ≤ p ≤ q ≤ 2 or

2 ≤ q ≤ p ≤ +∞.
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Bilinear Schur multipliers

Definition

Let M = {mikj}1≤i ,k,j≤n be a family of elements of C. We de�ne a

bilinear Schur mapping by setting

TM(A,B) :=
∑

1≤i ,j ,k≤n
mikjaikbkjEij ,

for any A = {aij}1≤i ,j≤n,B = {bij}1≤i ,j≤n ∈ Mn.
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Bilinear Schur multipliers

Theorem (C., Le Merdy, Potapov, Sukochev,

Tomskova)

Let n ∈ N. Let M = {mikj}ni ,k,j=1
be a family of complex numbers.

For any 1 ≤ k ≤ n, let M(k) be the (classical) matrix given by

M(k) = {mikj}ni ,j=1
. Then∥∥TM : S2n × S2n → S1n

∥∥ = sup
1≤k≤n

∥∥TM(k) : Mn → Mn

∥∥.

Then ‖TM‖ < 1 if and only if there exist a Hilbert space K and two

families {aik}1≤i ,k≤N and {bkj}1≤j ,k≤N of elements of K such that

mikj = 〈aik , bkj〉 , i , k , j ≥ 1

and

‖aik‖ < 1 and ‖bkj‖ < 1, i , k , j ≥ 1.
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Multiple operator integrals and perturbation theory

Definition

Let A1, . . . ,An be n normal operators on a separable Hilbert space

H and let, for any 1 ≤ i ≤ n, λAi
be a scalar valued spectral

measure for Ai .

It means that λAi
is a �nite measure on σ(Ai ) such that, if EAi is

the spectral measure of Ai then, for any borelian subset

∆ ⊂ σ(Ai ), we have

λAi
(∆) = 0⇐⇒ EAi (∆) = 0.

Let Bn−1(S2 × · · · × S2 → S2) be the space of bounded

(n − 1)-linear maps from the product of (n − 1) copies of S2(H)
into S2(H).
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Multiple operator integrals and perturbation theory

Definition

Let

ΓA1,A2,...,An : L∞(λA1
)⊗· · ·⊗L∞(λAn) −→ Bn−1(S2×· · ·×S2 → S2)

be de�ned, for any fi ∈ L∞(λAi
) and for any X1, . . . ,Xn−1 ∈ S2, by[

ΓA1,A2,...,An(f1 ⊗ · · · ⊗ fn)
]
(X1, . . . ,Xn−1) =

f1(A1)X1f2(A2) · · · fn−1(An−1)Xn−1fn(An).

Theorem (C., Le Merdy, Sukochev)

ΓA1,A2,...,An extends to a w∗-continuous isometry

ΓA1,A2,...,An : L∞

(
n∏

i=1

λAi

)
−→ Bn−1(S2 × · · · × S2 → S2).
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Continuous linear and bilinear Schur multipliers and applications to perturbation theory

Multiple operator integrals and perturbation theory

Definition

Operators of the form

ΓA1,...,An(φ)

for φ ∈ L∞ (
∏n

i=1
λAi

) are called multiple operator integrals

mappings.

• When H is �nite dimensional, double operator integrals mappings

behave like linear Schur multipliers and triple operator integrals

behave like bilinear Schur multipliers.

• The theory of double operator integrals started with

Birman-Solomyak, in a series of 3 papers published in 1966, 1967,

1973.
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Multiple operator integrals and perturbation theory

Multiple operator integrals and perturbation theory

Let f ∈ C 1(R). The divided di�erence of �rst order f [1] : R2 → C is

de�ned by

f [1](x0, x1) :=

{
f (x0)−f (x1)

x0−x1 if x0 6= x1

f ′(x0) if x0 = x1
, x0, x1 ∈ R.

Let n ≥ 2 and f ∈ Cn(R). The divided di�erence of n-th order

f [n] : Rn+1 → C is de�ned recursively by

f [n](x0, x1, . . . , xn) :=

{
f [n−1](x0,x2,...,xn)−f [n−1](x1,x2...,xn)

x0−x1 if x0 6= x1

∂1f
[n−1](x1, x2, . . . , xn) if x0 = x1

,

for all x0, . . . , xn ∈ R.
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Let n ≥ 2 and f ∈ Cn(R). The divided di�erence of n-th order

f [n] : Rn+1 → C is de�ned recursively by

f [n](x0, x1, . . . , xn) :=

{
f [n−1](x0,x2,...,xn)−f [n−1](x1,x2...,xn)

x0−x1 if x0 6= x1

∂1f
[n−1](x1, x2, . . . , xn) if x0 = x1

,

for all x0, . . . , xn ∈ R.
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Multiple operator integrals and perturbation theory

Theorem (C., Le Merdy, Skripka)

Let A and K be selfadjoint operators on a separable Hilbert space

H with K ∈ S2(H). Let n ≥ 1 and f ∈ Cn(R). Assume either that

A is bounded or that for all 1 ≤ i ≤ n, f (i) is bounded. Let

ϕ : t ∈ R 7→ f (A + tK )− f (A) ∈ S2(H).

(i) The function ϕ is n-times di�erentiable on R and for any

integer 1 ≤ ` ≤ n and any t ∈ R,

1

`!
ϕ(`)(t) =

[
ΓA+tK ,A+tK ,...,A+tK (f [`])

]
(K , . . . ,K ).
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Multiple operator integrals and perturbation theory

Theorem

(ii) We have

f (A + K )− f (A)−
n−1∑
k=1

1

k!
ϕ(k)(0)

=
[
ΓA+K ,A,...,A(f [n])

]
(K , . . . ,K ).
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Multiple operator integrals and perturbation theory

Peller's problems : Suppose that f ∈ C 2(R) is such that f ′′ is
bounded. Let A be a self-adjoint (possibly unbounded) operator

and let K be a self-adjoint operator from S2. Is it true that

Γ(A,K , f ) := f (A + K )− f (A)− d

dt

(
f (A + tK )

)∣∣∣
t=0

∈ S1?

 Replace Γ(A,K , f ) by
[
ΓA+K ,A,A(f [2])

]
(K ,K ).
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Multiple operator integrals and perturbation theory

IF A and K are of the form A = ⊕n≥1An, K = ⊕n≥1Kn where

An,Kn ∈ B(Hn) with Hn �nite dimensional, then we have

Γ(A,K , f ) =
⊕
n≥1

(
f (An + Kn)− f (An)− d

dt
(f (An + tKn))

∣∣
t=0

)
.

Theorem (C., Le Merdy, Potapov, Sukochev,

Tomskova)

There exist an unbounded self-adjoint operator A and a self-adjoint

operator K ∈ S2(`2) such that

Γ(A,K , f ) = f (A + K )− f (A)− d

dt
(f (A + tK ))

∣∣
t=0

/∈ S1.
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Multiple operator integrals and perturbation theory

Lemma

There exist C > 0 and two sequences of operators

An,Kn ∈ B(C8n+4) such that ‖Kn‖22 ≤ 1

n log3/2 n
, for all n ≥ N, and

‖f (An + Kn)− f (An)− d

dt
(f (An + tKn))

∣∣
t=0
‖1 ≥

C

n log1/2(n)
.

De�ne f0(x) = |x |.

Theorem (Davies, 1988)

There exists a constant C > 0 such that for any n ≥ 1, there exist

An,Bn ∈ B(C2n) self-adjoint such that Bn 6= 0 and

‖f0(An + Bn)− f0(An)‖1 ≥ C log n‖Bn‖1.
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S1-boundedness of triple operator integrals

Can we characterize the functions φ for which ΓA,B,C (φ)
maps S2 × S2 into the trace class S1 ?
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S1-boundedness of triple operator integrals

Theorem (C., Le Merdy, Sukochev)

Let H be a separable Hilbert space, let A,B and C be normal

operators on H and let φ ∈ L∞(λA × λB × λC ). The following are

equivalent :

(i) ΓA,B,C (φ) ∈ B2(S2(H)× S2(H), S1(H)).

(ii) There exist a separable Hilbert space H and two functions

a ∈ L∞(λA × λB ;H) and b ∈ L∞(λB × λC ;H)

such that

φ(t1, t2, t3) = 〈a(t1, t2), b(t2, t3)〉

for a.e. (t1, t2, t3) ∈ σ(A)× σ(B)× σ(C ).

In this case,

‖ΓA,B,C (φ) : S2(H)× S2(H) −→ S1(H)‖ = inf ‖a‖∞‖b‖∞,

where the in�mum runs over all pairs (a, b) satisfying (ii).
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Measurable factorization

• Let E ,F be two Banach spaces, let Γ2(E ,F ) to be the space

T : E → F which factor through Hilbert space.

• Let (Σ, λ) be a σ-�nite measure space and let G be a separable

Banach space. Let L∞σ (λ;G ∗) be the space of functions

ψ : Σ→ G ∗ w∗-measurable and essentially bounded.

Theorem (C., Le Merdy, Sukochev)

Let (Ω, µ) be a separable measure space and let E ,F be two

separable Banach spaces. Let φ ∈ L∞σ
(
Ω; Γ2(E ,F ∗)

)
. Then there

exist a separable Hilbert space H and two functions

α ∈ L∞σ
(
Ω;B(E ,H)

)
and β ∈ L∞σ

(
Ω;B(F ,H)

)
such that ‖α‖∞‖β‖∞ ≤ ‖φ‖∞ and for any (x , y) ∈ E × F ,〈

[φ(t)](x), y
〉

=
〈
[α(t)](x), [β(t)](y)

〉
, for a.e. t ∈ Ω. (2)
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Measurable factorization

Connection with the theorem :

Regard φ ∈ L∞(λA × λB × λC ) as an element of

L∞σ (λB ; L∞(λA × λC ) and associate

ψ ∈ L∞σ (λB ;B(L1(λA); L∞(λC )))

by

[ψ(s)](f ) =

∫
σ(A)

φ(r , s, ·)f (r) dλA(r)

for any f ∈ L1(λA).

Theorem (Second formulation)

The following are equivalent :

(i) ΓA,B,C (φ) ∈ B2(S2(H)× S2(H), S1(H)).

(ii) The function ψ associated to φ belongs to

L∞σ (λB ; Γ2(L1(λA); L∞(λC ))).
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Complete boundedness of triple operator integrals

Theorem (C.)

Let H be a separable Hilbert space, A,B,C be normal operators on

H and let φ ∈ L∞(λA × λB × λC ). The following are equivalent :

(i) ΓA,B,C (φ) extends to a completely bounded mapping

ΓA,B,C (φ) : S∞(H)
h
⊗ S∞(H)→ S∞(H).

(ii) There exist a separable Hilbert space H,

a ∈ L∞(λA;H), b ∈ L∞σ (λB ;B(H)) and c ∈ L∞(λC ;H) such

that

φ(t1, t2, t3) = 〈[b(t2)](a(t1)), c(t3)〉

for a.e. (t1, t2, t3) ∈ σ(A)× σ(B)× σ(C ).

In this case, ∥∥∥ΓA,B,C (φ)
∥∥∥ = inf ‖a‖∞‖b‖∞‖c‖∞. (3)
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Complete boundedness of triple operator integrals

Thank you for your attention !
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